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Theory of Colloid Stabilization in Semidilute Polymer Solutions
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ABSTRACT: A universal asymptotically exact theoretical approach elucidating the origin of the depletion
stabilization phenomenon is developed. The theory predicts that colloidal particles in a semidilute polymer solution
may be kinetically stabilized by a long-range polymer-induced repulsion. It is shown that the repulsion is due to
a depletion of chain ends in the middle of the slit between solid surfaces. A nonmonotonic concentration dependence
of the stabilization effect is predicted. The theory is generalized to account for surface attraction of chain ends
and for polydispersity of the chains. The stabilization is enhanced for more rigid and less polydisperse chains
and for the case of reversible end-adsorption.

1. Introduction polymer statistical segment). The interaction between spherical
particles can be obtained from the flat-plate potentials by means

Colloidal dispersions are indispensable for many technologi- o : .
P P Y g of the Derjagin procedure. The classical theories, based on the

cally important applications? The main problem however is ; . 42 . .
that colloidal particles tend to aggregate due to unavoidable van-ground-state dominance approximatidi predict attraction
der-Waals attractive forces. Stabilization of colloidal systems of plates forh ~ C. and no (expor_lenually weak) Interaction at
is therefore an important goal recognized long ago. Colloid N > & whereC is the correlation length of concentration
stability can be imparted in an efficient way by using polymers fuctuations in the bulk{ < Rin the semidilute regime).
or copolymerg Usually stabilization is achieved by attaching Generally, the interaction energy can be obtained by mini-
or adsorbing polymers to the surfaces of colloidal particles (the mization of the effective free energy,: = FioC] as a functional
so-called steric stabilizati@@®2). However, increasing con-  of the concentration profile = ¢(x) (c is the concentration of
centration of unanchored (free) polymer in the semidilute regime monomer units). The classical models involve loEal[c] =
may also enhance colloidal stabilityhus,kinetic stability can J fiot dx; that is why these models do not yield any long-range
be induced by free polymers (this mechanism is often referred interactions (foh > ). Below we focus on the marginal solvent
to as depletion stabilizati@n This subtle effect is particularly ~ regime wherefior = fint + feons, fine = (0/2)c? + (WIB)c3 is the
important because of widespread presence of nonadsorbedree energy of excluded-volume interactions of unitsndw
polymer in colloidal systems including biological colloids such are virial coefficients, and
as liposomes, vesicles, and céifs.

Although depletion interactions were recognized since long a2 (Vc)2
ago®7the mechanism of depletion stabilization remains a subject feont = fgradE 4 c 1)
of some debat&8 It was analyzed theoretically either for models

treating the polymers as hard or soft sphérésor as rigid  ;.cqunts for conformational restrictions imposed by the con-

11 i i ili7i
rOdj.' dAS forl flexible polym_ersl,, their st;ggzzlgzg effect was  cenration profilec = c(x). (The thermal energisT is the energy
studied mostly using numerical approaches.=* unit here and below.) Equation 1 is valid for the continuous

In this paper we present a rather _simple and general theoreticalg 5 ssian chain modglin the ground state dominance (GSD)
approach providing an asymptotically exact framework for 55noximation; it can be obtained by considering an ideal chain

studying depletion stabilization effects in semidilute solutions , 5n external fieldU(x) giving rise to an extra energy term
of flexible and semiflexible polymers. We first consider the Fext = / U(X)c(x) dx.15

polymer-induced (PI) interactions between inert solid walls (no
specific polymer/solid forces); the theory is then generalized
to allow for adsorption of end groups, and is further generalized
for polydisperse chains. The results may aid to establish which
physical and chemical conditions (polymer concentration, mo-
lecular weight, rigidity etc.) are optimal for polymeric stabiliza-
tion of a particular colloidal system.

Below we derive a simple and asymptotically exact general
expression incorporating the main correction to the free energy
on the top of the GSD approximation féor < R (it is this
correction that produces the long-range interaction effects). It
is useful to treat the conformational energy more generally as
a function of 2 variables: the overall monomer distributigx)
and the distribution of chain en@$x): Fcont= FcondC,p]. Note
2. The Free Energy that there are 2 ends per chainNfunits, so

Polymer chains in the bulk (outside colloidal particles) may
be isolated (dilute polymer solution) or overlapping (semidilute J pdx= (2N) [ cdx 2)
solution). We focus on the latter regime. More specifically, we
consider effective interaction between flat solid plates in a Using the EdwardsLifshitz approach? it is easy to show that
semidilute polymer solution at the distance< R, whereR is
the coil size R? = 6a°N is the mean-square end-to-end distance,

_ cns
N > 1 is the number of units per chaia; = av6 is the Feond C:ored = f (fgrad+ N In Ne)dx 3)
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for p = preiX) = (2/IN)c(X); eq 3 is exact for continuous By virtue of a variational approa¢hthe forceP per unit
(Gaussian) chains: either the GSD approximation or the area is related to the concentratians ¢, andp = pm atx =
conditionh < R are not necessary for its validity. The above h/2: P = Pgs+ Pe, wherePys = —fini(Cm) + ttoCm — Ilo andPe
Hamiltonian is local, and hence no long-range force is generated= pm — po — po In pm/po for h > &. (uo = u(coy) is the bulk
for p = prer. Conversely, the long-range interactions are chemical potentialy(c) = dfin/dc = vc + wc/2, Iy is the bulk

generated ifo = prer as shown below.
Let us consider

F[U.p] = min [Feenfc,p] + [ Ucdx] @)

F is the Legendre transform &ton{c] with p being a parameter
(for unigueness, we demand in addition that co andU = 0

in the bulk). Physicallyf is the free energy of a system of non-
interacting (ideal) chains with a given end-distributijonnder
external fieldU = U(x). To find F we note that the partition
function G(x1,x2) of a single chain with ends a4 andx; is

factorized G is also called the Green function). Neglecting a
correction which is exponentially small for< R:

G(Xy,%p) = consty (X)y (%) (5)
wherey is related toU via the Edwards equation
—a’Vy + Uy =0 (6)

with appropriate boundary conditiong, = 0 at the walls,y

= 1 in the bulk. Therefore, the chain ends are distributed
independently like ideal-gas particles, withpriori distribution
density[] ¥(x). Hence

F[U,p] = const+ [ pln i dx = F[U,p,.] + F®

Pref

FO= [1pIn£—p . In—=|dx
f P Pret Y

Y

where const depends @hbut not onp. The minimum in eq 4
corresponds t@ = coy? for p = prer = (2/N)c, otherwise a
correction emergesc™n = cqp? 4+ c@). Physicallyc® is due
to tail chain sections of sizeh. The number of units in a tail
is g ~ h?/a?, therefore|cW/c| ~ g/N ~ h%R? < 1. Using the
well-known properties of Legendre transformations we find

O

FeonfCol = Feon Cored + FO + F@
whereF® is defined in eq 7 withy? = c/cg

F@ . _1 oF?

2J 6Oc

D dx

Therefore,|FQ/FD| ~ |cW/c| < 1, i.e. F@ can be neglected.
Thus, we get using egs 3 and 7:

a? (Vo)? 4ec
FeonlCip] = f {Z? +plnp— g In N dx (8)

osmotic pressurgygy = 2¢o/N is the bulk concentration of ends.)
HerePgys is the classical force obtained in the GSD approxima-
tion; Pgs corresponds to depletion attractigh®Pys < 0 sincecy
# Cp. On the other handRe is due to thep-dependent free energy
terms; it represents the polymer-end inducepulsion Pe >
0 if pm #= po. In the examples considered below, < po, SO
the repulsion is due tdepletionof endunits in the middle of
the gap between the walls.

Minimization of F with respect top (with the additional
condition 2) yields

p(X) = consty/c(x)e ™

The profile c(x) is just weakly affected by the end effects
(sincec® < ¢, wherec® is defined just below eq 7), stx)
involved in the above equation can be obtained using the
ground-state dominance approximatiot(x) = coy(x)? (here
y (X) is defined by eq 6 witHJ = Ug + Ui, whereUiy; =
OFindoc(X)) = u(c) — uo; this equation can be obtained by
minimization ofF, neglecting the end-correction termsHgny).
Hence

p(X) = consty(X)e 7¥ = p_yp(x)e ¥

Thus, bothc(x) andp(X) must be nearly constant in the region
outside the layers near the walls (we always assume that
¢ and that the range of polymer/wall interactionsriss< ¢);
this “flat” region takes the lion’s share of the gap between the
walls. More preciselyg(x) = cm = ¢ and p(X) = pm for x >
andh — x> ¢ (cm = o since u(Cm) = uo due to the
equilibrium between the chains in the gap and in the reservoir
outside it, where concentration ¢s= cg).

Consider the integral = fg [p()/pm — c(X)/cg] dx. It can be
represented as a sum of three terths= J; + J + J3
corresponding to the regions (0, (A,h — A) and 6 — A,h),
respectively. (The length is such that < A < h.) The middle
termJ; = 0 sincep — pm andc — ¢p in the middle region. The
other two termsJ; andJs, must be equalJ; = J; = A, where

~

A= [0 (pe™ — y?) dx )

On the other hand, on using eq 2 the integraéduces to

3= (oo = 1) fy = (oo~ D

Therefore, fo/om — 1)h = 2A,, and

h

Pm= PO oA, (10)

Equation 8 does produce a long-range force because of the

nonlocal additional condition 2. In fact, let us turn to the PI
interaction between flat solid plates locatecat 0 andx = h.

We consider 1-dimensional profile$x), p(x), 0 < x < h. The
free energy isF = Fint + Feont + Fs, WhereFine = f fine dX,
Feontis defined above, anBls = /' [Us(X)c(X) + @(X)p(X)] dx is

the surface energy (accounting for local polymer/wall interac-
tions); ¢(x) is the wall potential acting on end monomer units,
U4(X) is the wall potential for all other units.

for h> . Note thatAe, eq 9, defines the effectiva@ngle-wall
excesof end points for the case of the semiinfinite system (0
< X < o) with single wall atx = 0: this case formally
corresponds td — o, SO pm — po and Ae = j‘g‘ (P(¥)/p0 —
c(X)/co) dx; here, for consistency, we must demahek A <
R.

The repulsion energy per unit area of the platesfer h <
Ris
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g

- 2c 2
w,= [ Pedx=W°[2Ae—h|n( .

This result can be generalized to lift the conditior< R.
Note that the interaction ener@¥. depends on the surface/
monomer interactions via the parameterdefined in eq 9. This

feature holds true also in the general case, for large separationswhereH(z) =
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perturbation approach (RPA) to calculate the free energy (see
ref 16). The result is

4cA 2
W, =~ —rS HIVR), - h> A, (14)

Zn——oo f(2n2n?/32%), f(u) = (1 — e Y(1 + u))/(u

h 2 R To see this consider the system of non-interacting chains — 1 + e™Y) and ) is a regularized surff. Exactly the same

in the presence of external field$J = U(x) acting on each
monomer andp = ¢(X) acting on end monomers only. More
precisely, we consideri’polymer chains in the gap between
solid walls atx = 0 andx = h, h> ¢; the presence of the walls
is accounted for by the field. The free energy of the system
is

7 Uil = min [Feory [6] + [ Uedk+ pp i
(Thus,7 is essentially the Legendre transformfoivith respect
to p.) If (X) = @rei(X) = —In Y (X), wherey(X) is defined in eq
6, thenc = coy?, p = 2/N ¢, andFonris given by eq 3. In this
case the single chain partition functiordis= Ziet = J 1?(x) dx
= NA7co, and 7= —In Z"[A41) is just proportional to the
number of chains/"0 f cdx:

1, %
TU0ed =5 Ne [ cdx (12)
In the general casg = e, the free energy7is
7Vl =7 [U,ged — NV IN(ZZ,¢) (13)

whereZ = [ G(x,X) dx dX', G(x,X) is the Green function in the
presence ofp(x), andZiet = [ Gref(X,X') dx dx' = N.17/co with
Gref(X,X), the Green function for the reference end-potentjat

(X). Obviously G(x,x) = KX)K(X)Gref(x,X'), Where K(x) =

e "Wt = e v¥/(X). Hence AZ = Z — Zer can be
represented aAZ = AZ; + AZ,, whereAZy = 2 [ K(X)Grer
(xx) dx dx', AZz = [ KK(X)Gref(xX) dx dX', k(x) = K(x) —

1. Recall thaty = 1 away from the surfaces, and that both
fields ¢ and U vanish there (at monomer/surface distances
exceeding\, { < A < h). Thereforek(x) is localized in these
A layers. Hence\Z is dominated by the first term\Z; which

is proportional to the probability that one chain end is iha
layer (whileAZ; is proportional to the probability thabthchain
ends are in\ layers). Taking into account thgtGyef(x,x’) dx’

= & 2l = (x)?

AZ=AZ,=2 [ (e * —y?) dx = 2(2A)

whereA. is defined in eq 9 (the additional factor 2 accounts
for two A layers near the two surfaces).
Thus, the first-order correctiofZ; is proportional tQAe. In

result can be obtained by a slight generalization of the rigorous
(but more lengthy) approach proposed infe€ombining eq

11 valid forh < Rand eq 14 valid foh > A (and taking into
account thatH(z) = 1 for z < 1) we get the long-range
interaction energy for anfg > ¢ (if Ae < R):

2c, Ag
W, = N 2A,— hln h H(h/R) (15)
Note that the range dlNg(h) is ~R; this long-range effect was
originally predicted in ref 17 and was recently qualitatively
confirmed by simulation&?

3. Results and Discussion

Let us consider a few characteristic examples.

Case 1. Nonadsorbing (Repulsive) Walls in Semidilute
Solution. In this caseFs = 0 and the wall effect is accounted
for by the boundary conditiong(0) = c(h) = 0. A¢ is defined
in eq 9 withc/co = y2, plpo = v, wherey = y(X) is defined
by the Edwards eq 6 witkd = u(c) — uo. (In the mean-field
approximation the formal external field is replaced by the
total potential of a monomer unit including both the surface
potentialUs(x) and the mean molecular potentidih:(x) due to
interactions with surrounding monomer units. In the present case
Us = 0 for x > 0 andUins = u(c) — wo.) Thus, we get

V6a ( )
A=222+ 22 16
° Vg, | WG, (19
(o) = (1 — U/(vV1+a)) In(1 + vV1+e)/vVo — In 2/(v1+0)

+ 2/(v1+a) In(v1+a + 1 — vo). Noting thatAe ~ £ < h,

where
& =al\/2c)(v + wWgy)

we simplify eq 11 to yieldVe = 4coAZ/(Nh), { < h < R, in
agreement with the thedrybased on a different approach.

The ground-state attraction energy*i8Vys = /), Pgs dx ~
—co?vge s, The total interactioW = Wys + W, is attractive
for h < h* and is repulsive foh > h*, showing a maximum
W* = W(h*).

The predictedMh) can be quantitatively compared with the
numerical results of Scheutjens and Fleer {&) for an

17)

a similar manner one can show that the second-order correctionathermal system wittN = 100, w = ¢?, ¢ = cov = 0.1 and

AZ,, is proportional toAg2. Therefore, forth > ¢ the effect of
surface potentialg(x), U(x) on the free energy is absorbed in
the integral quantityAe. In other words, the PI interaction

purely repulsive walls. In this case

W~ —32vEcy e ™ (18)

between the surfaces (note that this interaction is generated by
the second term in eq 13: the first term defined in eq 12 is and W is defined in eq 14 wherd, ~ V2 2@ —1In 2)a/\/_
essentially local) is the same for different surface potentials follows from eq 16 forwcy/v << 1. The ground-state energy

providedA¢ is the same. This means that the PI interaction for
Ae < Randh ~ R can be obtained in the following way: (1)

Wys sensitively depends on the correlation lendth The
calculations in refs 19 and 20 were performed on a hexagonal

keepingA. constant change the surface potentials in such a way lattice (with lattice parameter 1). Equation 17 is valid for

that p/po and c/cy are close to 1 everywhere (by making the the continuous model considered in the present paper; it yields
surface potentials weaker but somewhat more long-range; the¢ =~ 0.9, i.e.¢ is smaller than the lattice parameter. In this case
resultant potentials are still localizedAf, < h); (2) apply the we expect a significant effect of the lattice on the correlation
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Figure 1. Dependence of the reduced interaction enevgi? vs
reduced wall separatiom'Ry for athermal system withN = 100,¢ =
0.1.

35

length{ (an analysis shows thtmust be smaller in the lattice
case). Therefore, we tredtas a fitting parameter. Demanding
that the maximunmW* equals to the valu®V* ~ 0.0013Ry?
obtained in ref¥20(see the curve marked ‘0.1’ in Figure 7b of
ref 20; Ry is polymer chain gyration radius; note that~ (2/
\/é)Afp/(kBT) where Afy is the free energy of interaction per
surface site as calculated in refs 19 and 20), weiget0.70 in
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latter case the steric repulsidecreasesvith polymer concen-
tration, so the restabilization is solely due to (a faster) weakening
of depletion attraction.

A similar stabilization effect was found also in many
simulation studied®-32 Unfortunately a quantitative comparison
of the present theory with the simulation results is not possible
as the simulated regimes do not match the theoretical conditions
(small colloidal particles whose diameter is smaller than the
chain size were considered in ref 28; other studies deal with
concentrated solutioy0.52%-3% and/or with short chaingyl ~
20°1.33,

It is convenient to characterize the repulsion by the reduced
non-dimensional barrie/ = WI. Note that the stabilization
is possible if the repulsion is stronger than the van-der-Waals
attraction, i.e., ifWAL/127, whereAy is the relevant Hamaker
constant (irkgT units). The reduced barrier e§ = c*, h = h*
is

466 aVw

W 220
In(N%/w) o*N

(20)

Therefore, the effective depletion interaction is stronger for
more rigid chains (with longem). This conclusion is in
agreement with a series of experimental and theoretical re-
sults?-222The theory can begualitatively applied to a solution

a reasonable agreement with the “continuous” eq 17. The of rigid rods (of lengthL, diameterd, L > d) corresponding to

dependence of the reduced eneWR? = (Wys + We)Rs? Oon
hWRy for & = 0.70 is shown in Figure 1. The shape of the

N=1,a~ L, v~ L%. Equation 19 with these parameters
yields W* ~ 1/Ld for ¢y ~ 1/v. The scaling behavior ofv*

interaction curve is similar to the dependence shown in Figure agrees with the predictiolisfor the depletion potential in a

7b of ref 20. A good agreement is also found for the position
of the maximumh*: h*/Ry ~ 1.47 (the present theory) and
h*/Ry ~ 1.5820 Concerning the latter result, note thiat=
V2/3 M, whereM is the number of lattice layers between the
walls.

The maximumW* defines the potential barrier that may
prevent coagulation of solid particles (imparting their kinetic
stabilization). Asymptotically (foR > {)

_ 24y/2a
Nv'w

2 12(2 + 3/
h*=§|nN—2,W* L(—ZUVZCO)
g WG  In(Na’/&)

(19)

The barrierW* is increasing with concentration for lows,
reaches a maximum

. 131

8vwa
-~ h* ~
Nvw In(N2?/w)

- 3V

at an optimum concentratioty = ¢* = (3/8)(/w) In(Nz3/w)
and decreases at highy. Thus, ascy increases, a colloidal
dispersion may change from instability to stability, and then
possibly to instability again. Such effect of added free polymer
to naked colloidal particles was indeed obser¥éd.

Thus, we distinguish two contributions in the PI interactions

solution of rigid rods at thig.

It is also interesting that the reduced barNeincreases as
the solvent quality (characterized by is decreased, i.e., as
®-conditions for polymer chains are approached. This is in a
qualitative agreement with numerical resdit2°for concentra-
tion ¢ = 0.2.

Case 2. Chains with Reversibly Adsorbing Ends.We
consider the same system as before, but now end groups are
attracted to solid surfaces. This interaction is described by the
local potentiakp(x), x is the end/surface distanag(x) < 0 for
0 < X < re, Wherere < ¢ is the attraction range. Thus, the
surface energ¥s = [ @(X)p(X) dx; hencep/po = ye ¢ andAe
= Aeo t Ae1, WhereAgo is defined in eq 16 and

e , — ,
A= [ (e = Lyypx = Qy'(0),

Q= [*(e ¥ — 1)xdx (21)
The effect of end-attraction is significant @ > £2. In this

caseAe1 > Acq, i-€. Ae = Qu'(0). The functiony(x) is the
same as in the previous cagg(0) ~ 1/Z, more precisely

¥'(0)~ i«/UCOIZ + w23

The energy of long-range repulsiv is defined in eq 15. The

between colloidal particles: a short-range depletion attraction repulsion force is

(accounted for byVys) and long-range depletion repulsiong).
The concentration dependence\iis is mainly defined by the
exponential factor (see eq 18): the magnitud¥\gfdecreases
with ¢y following a decrease of the correlation lengih
Conversely, the depletion repulsion becomes stronger eyith

W, 2
e 5h N

|(1+2Ae) 24,
n h] h+2A

For h < A (this condition was implied, although not stated

] (22)

€

in a certain concentration range. As a result a colloid system explicitly, in ref 23), this gives

may gain stability on increasing concentration. A similar
restabilization effeétwas predicted in the case of sterically
stabilized colloidg%27” The important difference is that in the

2 (ZAe)
~ 20|22

P. N e (23)
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The force between surfaces induced by weakly end-adsorbedeq 15 we get the height of the depletion repulsion energy barrier
polymers was calculated in ref 23. The analytical result was as U}

follows:23 P &~ ¢y €/N, wheree is the end-adsorption energy.
On the other hand, eq 23 yields (in the logarithmic approxima-

tion and forre ~ §):
re
( +In E)

(note thatp(x) = —e for x < re; hence,Ae = e12/C sinceAe
= Qu'(0), ¥'(0) ~ 1/ andQ ~ eT¢? see the second eq 21).
Thus, theco, N, ande dependencies @ obtained in ref 23 are

2c,

Pe=

(24)

U%/ksT = 27D(c/N)AZ(IN(RIA,) — 1.43)

On setting, for examplede = 0.1R, this equation simplifies as
Ui/ksT ~ 0.05pDadf/vo, where¢ = coug is polymer volume
fraction, as V6a, the statistical segmentyp, monomer
volume. Forg = 0.2 and for the typical valuegs ~ 1 nm, vo
~ 0.1 nn?, andD ~ 200 nm, the barrier amounts td} ~
20kgT; i.e. it is high enough.

Case 3. Polydisperse ChaindVe now take up the assump-

in agreement with eq 24. The prefactor of 2 in eq 24 accounts tion of monodispersity. The number fraction of chains of length
for the difference between the models considered here (2n (nchains) in the bulk ig(n), Y-, p(n) = 1,N =3 np(n) is
adsorbing ends per chain) and in ref 23 (just one adsorbing end).the number-aeragepolymerization degree. In the polydisperse

The important difference however is due to the log-term in eq
24: the force depends dnas In(1h). The distance-dependent
log-term was missing in ref 23 due to approximations involved.
Thus, the forcé®e increasesat smaller separations, in qualitative
agreement with numerical results shown in Figure 3 of ref 23.

The physical meaning of eq 24 is simple. The total number
of chain ends in the gap iscgVN; nearly all of them are
adsorbed (forh < Ag); the adsorption energy-2¢coh/N is
decreasing witth giving rise to the repulsive forces2/N (the
first term in eq 24). Next, we recall that the adsorption implies

that the chain ends are localized near the walls. The entropy

loss due to the localization isIn(r¢/h) per chain end; it gives
rise to the second contribution in eq 24.

A similar physical interpretation of the repulsion enekyy
holds true also in the general cas®t is largely due to the
entropy ofredistributionof chain ends in the gap between the

walls. At large separations, the end excess at one wall is

proportional toAe¢po. At separation$ ~ Ae, the total number
of chain ends is comparable witkepo, SO the concentration of

case, shorter chains tend to preferentially accumulate in the slit
in order to increase concentration of chain ends there as the
ends benefit from interactions with the walls.

We first consider the reference system with surface potential
(X)) = @re(X) = —In y(X). In this case the ends of all chains
are distributed in the same way: the partial concentration of
ends ofn-chains ison(X) = (2/N)c(X)p(n). The number of chains
in the slit between the plates (per unit area) is

A

Co
n— N heﬁp(n) = znheff (26)

Here z, = (co/N)p(n) is concentration oh chains in the bulk
reservoir outside the gap, art@ds is the effective distance
between the plates:

hey = Clo J (%) dx

where the integral is taken over the gap between the plates.

ends must be considerably reduced in the midzone between therhe “eff” subscript is omitted in what follows. Note the obvious

surfaces (outside the regions where monomer units directly
interact with the walls). The entropy cost of the resultant
considerably nonuniform end-distribution provides a positive
contribution toW,, thus generating the repulsive interaction.

As Ae> £, the maximum of the total enerdlyf = Wys + We
is attained ah < A.. The height of the repulsion barrier is

~— =22 Jucy2+we3  (25)

Obviously,W* increases with concentrati@pand with solvent
quality v. Equation 25 is valid ifAe < R = v/6 aN2
corresponding to the regime of weakly deformed coils as
opposed to the polymer brush regime of strongly stretche
chains. ForAe ~ h ~ aN'2 the reduced barrieW = Wr? ~
4coa®NY2, In particular, for semirigid chains of diametkvith
Kuhn segment and contour lengtih. = NI atco ~ 4/2d: W ~

I/d NY2, The repulsion dominates over the van der Waals
attraction ifW 2 Ay/127. This condition can be easily satisfied
for | > d (high stiffness) and moderatd. For example, the
Hamaker constamiy ~ 1 (in kg T units) for latex particles (see
ref 2, p 6), scAy/(127) ~ 0.03. On the other hand, typicallid

= 5 even for flexible polymers, so witN ~ 100 we getW ~

I/d N2 ~ 50. ThereforeW > A/(127) in this case: the van
der Waals attraction is indeed dominated by the repulsion.

normalization condition:
> nz,=c
n

Alternatively,.1; can be formally obtained by minimization of
the thermodynamic potential

Q=F{«$;}—z.\glnzn

n

(27)

(28)

whereF{.17} is the free energy of the chains in the gap as a
function of the chain numbers thede)n} = {11, .13, ..}; the
bulk concentrations of -chains define their activities,. The

d minimization ofQ must be performed keeping the total number

of monomers in the slit constant:

z n i, = hg, = const (29)
n

Next we allow for ararbitrary surface potentiap(x) localized

in the re regions near the wallgd < &). A variation d¢(x) of

the potential results in the free energy incremeéit =

J p(X)0p(x) dx, wherep(x) = Y n pn is the total concentration

of chain ends.p(x) is affected by the fieldp(x): p(X) =
emp (X)€% wherepm = 2.17/(h + 2A¢) is the concentration

of ends far from the walls (see equation on the line just above

To further demonstrate that the depletion stabilization effect eq 9) and V"= .1y is the total number of chains in the gap.

can be significant, let us consider interaction of two colloidal
particles of diameteD. Using the Derjagin approximation and

Using eq 9 we find: [/ ye ?0¢ dx = —20Ae, wheredAc is the
variation of Ae. Therefore
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OF = =2{9A,

OA,

2Ae)

h

Integrating we find

F=F,—2 Hn(l + (30)

Minimization of Q, eq 28, withF, eq 30, under the condition,
eq 29, isequivalentto minimization ofQet = Fred. In} — i
n In z, with renormalized z

2Ae)

h

z,= CNO p(n)e'e ™ A=2 In(l + (31)

Hereu is an arbitrary constant which accounts for the condition
29; u is chosen in order to satisfy the normalization condition
27:

1 —un __
N e Z np(n)e “" =1 (32)

This Q¢ formally corresponds to the reference system with
number concentrations @kchains in the bulk reservoir equal
to z,, eq 31. Hence the result of minimization &f must be
defined by eq 26 with thig,:

Ne=hz, (33)
Using egs 33 and 31, we get the total number of chains in the
gap

P
N

he
- () =hg (34)

Y fa=

n

D, (1)

where®(u) = 5, p(n)e “", ®1(u) = —dd/du, andu is defined
by the normalization condition 32 which can be rewritten as

2Ae)—2
h
The number-average chain length in the slit is

-1 ﬂ_q)l(/‘)
N——\AZ n \n— (D(/,{)

N is different from (smaller than) the analogous number in the
surrounding bulk reservoirN < N sinceu > 0 (for clarity, it
is assumed thap(x) corresponds to attraction of chain ends to
the walls,A¢ > 0).

Returning to the free energy, we note that a variation of the
surface potentia(x) induces a variatiodA of the parameter
A defined in eq 31; the corresponding free energy variation is
OF = — 10A (see eq 30). According to the theorem on small
variationsdQ = J0F. Using eq 34, 35 we thus obtain

@, (u) =Ne "= N(l + (35)

0Q = — 1OA= hcoq)% 5D,

1
Integrating the last expression, we find
1
N

D(u)
@, (u)

+u

Q = const— h(‘o(
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whereu is related toA. via eq 35, and const Qs does not
depend either oru or on h. The end-induced long-range
D(u)

(repulsion) energy is therefore
1
— h + =
C°(<I>1cu) “ N)
(36)

g,
lh=e =~ TN
The above equation is valid f@r< h < RandAs < R. For
the monodisperse casg(f) = 6(n — N)) the above equation is
equivalent to eq 11. For the Schu#tZimm distribution p(n)
= constn¥—1g="(No) 'whered = N,/N — 1 is the polydispersity
degree, we get

4% . [ h
Aeg(z, é),

9y.0)=1-

W,=Q,—Q

W, = N

1+96

20 Y (1 *
For 6 < 1 the functiong(y, ) monotonically decreases with
bothd andy (fromg=1aty=0tog =0 aty = »). The
repulsion force between spherical particles is proportional to
W, which decreases with, hence the potential barrier prevent-
ing their coagulation reduces for higher polydispersity. A similar
effect was predicted earlier for solutions of polydisperse b&ads.
Note that the stabilization barrier disappears completelyfor
>1. In particular, there is no long-range ford&/y(= 0) for the
Flory distributionp(n) = const e"N corresponding t@ = 1.
The predicted end-induced repulsio, can be compared
with the fluctuation interactiomy = 1/167h2.25 The ratioWsy/
Wi = 167W. Using eq 20 we get fow ~ ab, v ~ a¥v/N (i.e.,
for ®-conditions): WyW; ~ 100, so the fluctuation effect is
numerically small.

20/(1+9)
e )

4. Conclusions

In summary, we develop a quantitative theory of colloid
stabilization by semidilute polymers. In is shown that the
interaction between two solid surfaces (colloidal particles) in a
semidilute solution (the polymer coil sizis larger than the
bulk correlation lengthg, R > ¢) is a sum of two basic
contributions (apart from very weak oscillationshat R): a
short-rangedepletion attraction (for separatiohs~ &) and a
long-rangedepletion repulsion (fof < h < R). The long-range
interaction between solid walls is predicted to be rather universal
for { < h < R The repulsion is related to the entropic cost of
a redistribution of chain ends that tend to somewhat accumulate
near the solid surfaces (even in the absence of any direct end/
surface attraction). Both interactions (short-range attraction and
long-range repulsion) are associated with depletion. Importantly,
two distinct depletion effects are actually involved: short-range
attraction is due to depletion of monomer units in the gap
between the walls, while long-range repulsion is due to depletion
of chain ends in the mid-region between the walls.

We analyze the effects of monomer concentration, chain
stiffness, solvent quality, attraction of end groups to the solid
surface and polydispersity on the end-induced repulsion. The
predicted trends are in agreement with a number of experimental,
simulation and analytical resuRk§:11:17.1924 The theory thus
links together and explains the results of quite a few studies on
depletion stabilization advancing the theoretical understanding
of this important phenomenon. It is shown that the depletion
stabilization in the semidilute regime is due to a depletion of
chainendsin the middle of the gap between the particles. The
range of the repulsion is comparable to the coil deThe
repulsion energy barrier is higher for more stiff and more
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monodisperse chains, and for polymers whose ends are attracte(l6) Semenov, A. NMacromoleculesl993 26, 2273.

to the surface.
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